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ABSTRACT 

The use of a r b i t r a r y  spaces  t o  r ep resen t  t h e  v e l o c i t i e s  and p res su res  

i n  t h e  Navier-Stokes equat ions  t y p i c a l l y  l e a d s  t o  uns t ab le  f i n i t e  element 

approximations.  We show i n  t h i s  paper t h a t  i f  spaces  of piecewise poly- 

nomial func t ions  are used and i f  the g r i d  f o r  t h e  v e l o c i t y  f i e l d  i s  s u f f i -  

c i e n t l y  f i n e  compared t o  t h e  g r i d  fo r  t h e  p re s su re ,  then t h e  r e s u l t i n g  

f i n i t e  element approximations a r e  s t a b l e  and converge a t  t h e  opt imal  rates. 
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1. I n t r o d u c t i o n  

This  paper i s  concerned with the i d e n t i f i c a t i o n  of f i n i t e  element 

spaces  which y i e l d  s t a b l e  and convergent approximations t o  t h e  Navier- 

Stokes equat ions.  

of a r b i t r a r y  f i n i t e  element spaces w i l l  t y p i c a l l y  l ead  t o  i n s t a b i l i t i e s  

i n  t h e  p r e s s u r e  ( [ Z ] ,  [5 ] ,  [ 6 ] ,  [ 8 ] ) .  Only s p e c i a l  choices  w i l l  work. Th i s  

is  analogous t o  t h e  s i t u a t i o n  t h a t  e x i s t s  with f i n i t e  d i f f e r e n c e  approxime- 

t i o n s ,  where only s p e c i a l l y  constructured schemes w i l l  be s t a b l e .  

It  has been known f o r  s e v e r a l  y e a r s  t h a t  t h e  s e l e c t i o n  

Previous work has i d e n t i f i e d  a number of s p e c i a l  spaces  which y i e l d  

s t a b l e  approximations. For example, i n  t h e  p l ana r  case i t  has  been shown 

[ 6 ]  t h a t  i f  t h e  space of v e l o c i t i e s  c o n s i s t  of continuous piecewise qua- 

d r a t i c  f u n c t i o n  and piecewise constant  r e p r e s e n t a t i o n s  are used f o r  t h e  

p re s su re ,  then the  r e s u l t i n g  f i n i t e  element scheme i s  s t a b l e .  A similar  

r e s u l t  holds  if the  space of v e l o c i t i e s  c o n s i s t  of continuous p i e c e w i s e  

l i n e a r  f u n c t i o n s  augmented by s u i t a b l e  t r i l i n e a r  func t ions .  These r e s u l t s  

do r e q u i r e  t h a t  t h e  g r i d  be r egu la r  and s a t i s f y  an ang le  cond i t ion ,  but  

t h e r e  are no o t h e r  r e s t r i c t i o n s  on t h e  shape of t h e  elements.  On t h e  o t h e r  

hand, f o r  s p e c i a l l y  shaped elements such as t h e  c r i s s c r o s s  p a t t e r n  t h e  

smaller space c o n s i s t i n g  only of continuous piecewise l i n e a r  f u n c t i o n s  i s  

s t a b l e  133. 

The work contained i n  t h i s  paper is  an  ex tens ion  of f i r s t  t ype  of ele- 

ment c i t e d  above i n  t h e  sense t h a t  t h e r e  are no r e s t r i c t i o n s  on t h e  shape 

of t h e  elements.  In p a r t i c u l a r ,  we show t h a t  t h e  f i n i t e  element scheme i s  

s t a b l e  provided t h a t  t h e  dimension of t h e  space of v e l o c i t i e s  is  s u f f i c i e n t l y  

l a r g e  compared t o  t h e  dimension of t h e  space of p r e s s u r e s .  

be t r a n s l a t e d  i n t o  a mesh r a t i o  condi t ion which i s  f a m i l i a r  from previous 

work on hybrid f i n i t e  methods [ 4 ] .  

This  can readiSg 

I n  t h i s  l a s t  s e c t i o n  w e  show t h a t  s imi l a r  r e s u l t s  a l s o  apply t o  t h e  Pois- 

son equat ion when w r i t t e n  as a f i r s t  o rde r  system. 
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2.  The Brezzi Condition 

L e t  R be a bounded region i n  IRn(n= 2 o r  3).  We cons ide r  an i n -  

compressible flow i n  R where u - denotes  t h e  v e l o c i t y ,  p t h e  p r e s s u r e ,  

f t h e  body fo rces ,  and v and t h e  v i s c o s i t y .  W e  s h a l l  be i n t e r e s t e d  i n  

t h e  non l inea r  case where the  equa t ions  of motions t ake  t h e  form 

... 

(2.1) - v a g +  (g*grad)u - + g r a d p  = - f i n  R , 

d i v u  = 0 i n  3 * 

(2.3) u = O  on 3R . - ..d 

It i s  known t h a t  ( 2 . 1 ) -  (2.3) has  a unique s o l u t i o n  provided t h e  gene ra l i zed  

Reynolds number [ 6 ]  i s  s u f f i c i e n t l y  small. 

f u r t h e r  comment i n  the  sequel .  

case where t h e  term - urngrad i s  r ep laced  wi th  - $-grad f o r  some known d i v e r -  

gent f r e e  v e l o c i t y  f i e l d  2. 

Reynolds number i s  not needed. 

We s h a l l  assume t h i s  without  

We s h a l l  a l s o  be i n t e r e s t e d  i n  t h e  l i n e a r  

A I n  t h e  l a t t e r  case t h e  r e s t r i c t i o n  on t h e  

To d e f i n e  the approximation procedure we l e t  

-+1 2 HO(R)  = {v : g r a d v  - E L (a), 1 = 0 on an), ( 2 . 4 )  - 

and 

2 
(2.5) L 0 ( W  = t q  : q E L2(R), J q = 01. 

52 

We select two f i n i t e  dimensional subspaces 

and seek a p a i r  
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(2.7) 

such t h a t  

h h h 

R R 
(2.8) !{grad u+*gradvb + (u+*gradu ) = V  1 - pH d i v v  - = , - h -  - 

R 

H 
-h s a q  d i v u  = O y  

h -t 
holds f o r  a l l  - v 

f o r  Vh and S,, t h e  above reduces t o  a set of non l inea r  a l g e b r a i c  e q u a t i m s  

i n  Vh and qH i n  SH. Once a b a s i s  has been chosen 

+ 

1 3 1 .  

A s  noted i n  t h e  i n t r o d u c t i o n  t h i s  system w i l l  i n  gene ra l  be u n s t a b l e ,  

and only s p e c i a l  choices  € o r  Vh and SH w i l l  l e ad  t o  convergent approxi-  

mations.  The cond i t ion  f o r  s t a b i l i t y  w a s  f i r s t  formulated by Brezz i  [ l ] ,  

and i t  t a k e s  t h e  fo l lowin r  form (see a l s o  [ 2 ]  f o r  an a l t e r n a t e  bu t  i n  t h i s  

con tex t  equ iva len t  formulat ion):  

(2.10) 

Here t h e  sup is  taken over a l l  - vh i n  gh wi th  

and q, is any element i n  S,. The number 6 should s a t i s f y  O <  B < m  

and should be independent. of 

from ze ro  as t h e  dimensicn of t h e  spaces ?h x S, approaches i n f i n i t y .  

In a d d i t i o n ,  it should be bounded away qH 

I n  t h e  seque l  we s h a l l  use standard Sobolev space n o t a t i o n  wi th  11. 11. ( 1 )  

denot ing t h e  norm on H r ( Q )  o r  gr(S2). 
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3. A Class of F i n i t e  Element Spaces  

W e  are now prepared t o  s t a t e  and prove our  main r e s u l t .  Here w e  

as sume t h a t  Vh and S, are f i n i t e  element spaces  wi th  h and H being 

mesh spacings.  It is assumed t h a t  t h e s e  spaces have t h e  s t anda rd  approxi- 

+ 

mation p r o p e r t i e s ;  i . e .  , 

cA f o r  s u i t a b l e  i n t e g r a l s  l < k  - < K ,  1 <  - -  R < L ,  and f o r  a p o s i t i v e  cons t an t  

independent of h ,  H, - u and p .  

For spaces S, of piecewise polynomial f u n c t i o n s  w e  have 

f o r  some E > 0. For exaRple, i f  SH c o n s i s t s  of discont inuous p i e c e w i s e  

polynomial func t ions  (such a s  piecewise c o n s t a n t s ) ,  then E can be any 

number i n  t h e  range O < E  < 4. I n  a d d i t i o n ,  i f  t h e  g r i d  f o r  SH is quasi-  

r e g u l a r ,  t hen  an inve r se  p rope r ty  i s  v a l i d .  More p r e c i s e l y ,  t h e r e  i s  a 

number O <  C I < a  independent of H such t h a t  

holds  f o r  a l l  qH i n  3,. 

Theorem 1. LeX ( 3 . 7 )  - ( 3 . 4 )  hold. Then ,thehe h a co~ntant c i n d e -  

pendent 06 - _ _  H ,  h ,  U, and p such fiaX id 
C 

( 3 . 5 )  Ch/H < 1, 

Ahen ,the €kezz i  c o n w o n  ( 2 . 7  0) A valid.  
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Remmk. I n  s h o r t  t h i s  r e s u l t  s t a t e s  t h a t  t h e  approximation w i l l  be 

s t a b l e  provided the  mesh spac ing  f o r  t h e  v e l o c i t i e s  is  s u f f i c i e n t l y  

f i n e  compared t o  t h e  mesh spac ing  E f o r  t h e  p r e s s u r e .  The cond i t ion  

(3.5) i s  f a m i l i a r  from o t h e r  r e s u l t s  on mixed and hybrid f i n i t e  element 

methods [ 4 1 .  

The s t a r t i n g  po in t  i n  t h e  proof of Theorem 1 i s  a r e s u l t  due t o  Leray 

which i n  e f f o r t  s ta tes  tfiat t he  Brezzi cond i t ion  (2.10) is  v a l i d  i n  t h e  

i n f i n i t e  dimensional case where v, i s  replaced wi th  HO(R)  and sH i s  

replaced by LO(R).  

s t a b l y  decompose a v e c t o r  f i e l d  i n t o  a divergence f r e e  p a r t  p l u s  a c u r l  

f r e e  p a r t .  Here we give an equivalent  form t h e  proof of which can be found 

i n  [ 7 ] .  

+ 1 

2 It i s  normally s t a t e d  i n  t h e  context  of t h e  a b i l i t y  t c  

Theorem 2: Leray. 

&at 

Le,t f E L;(R). Then ;them iA a - v E Z2(R) auch 

d i v v  = f i n  R , (3 .61  - 

a whem 0 < cL < 03 iA a con4,tant independent 06 f and V. - 

0 S t r i c t l y  speaking, t h e  r e s u l t  i s  v a l i d  only f o r  smooth r e g i o n s  R 

t h a t  f o r  example are f r e e  of re-entrant  corners  such as convex r e g i o n s  o r  

r eg ions  with Coo boundaries.  I n  such cases ,  t h e  smoothness of v i n c r e a s e s  

wi th  the  smoothness of f .  

- 

I n  p a r t i c u l a r ,  w e  have t h e  fol lowing 
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6 c o t L o m q .  

s a t i s f y i n g  (3.5) - ( 3 . 6 )  and 

Let f E H (9) n LE(Q). Then t h e r e  i s  a v E $1+6(Q) 

We are now prepared t o  prove Theorem 1. To do t h i s  w e  must show 

the re  i s  a number 6 such t h a t  f o r  any qH i n  SH w e  have 

-f 
f o r  a s u i t a b l e  v+ i n  Vh. L e t  - v s a t i s f y  

d i v  v = i n  R,  
- ‘H (3.11) 

(3.12) v = O  on r y  

with  

where CL is  t h e  cons tan t  i n  Theorem 2. Using t h e  approximation p rope r ty  

(3.1) we select v+ i n  Vh s a t i s f y i n g  
-f 

Using t h e  inverse  proper ty  (3.4) t h i s  becomes 

where 

(3.16) c * = c c c  A L  I’ 
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Since d i v  - v = qH w e  a l s o  have 

4 

We now put  t hese  i n e q u a l i t i e s  t oge the r  t o  e s t a b l i s h  (3.10). Indeed, 

f i r s t  no te  t h a t  

Thus, u s ing  (3.18) w e  have 

But 

Thus 

Thus, (3.10) holds w i t h  

It fo l lows  t h a t  i s  bounded above from zero  as h ,  H + 0 provided h/H 

i s  s u f f i c i e n t l y  small. I n  p a r t i c u l a r ,  t h e  cons tan t  C i n  Theorem 1 i s  
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4.  The Poisson Equation 

We now consider  t h e  Poisson equat ion  which w e  w r i t e  i n  f i r s t  o rde r  form 

as fo l lows:  

u -grad 4) = 0 i n  fi , 

d i v  u = f i n  fl , 

@ = g  on a r .  

- 

- 

The weak form of t h i s  system is  t o  seek 

such t h a t  

( 4 . 6 )  

( 4 . 7 )  

2 2 - u E H(div,Q) = {v - E L (SI) : d i v v  E L (Q)) , 

2 holds  f o r  a l l  - v E H(R:div) and Ji E L (Q).  I n  ( 4 . 6 )  denotes  t h e  o u t e r  

normal t o  Q. 

A s  wi th  t h e  Navier-Stokes equat ions  are approximate procedure is  obta ined  

by f i r s t  in t roducing  f i n i t e  dimensional  subspaces 

One then  seeks  
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and @ r ep laced  % such t h a t  ( 4 . 6 ) -  ( 4 . 7 )  ho lds  with 2 replaced wi th  

wi th  $ I ~ .  I n  a d d i t i o n ,  1 and J, are r e s t r i c t e d  t o  Vh and sh, 
res pe  c t i v e  1 y . 

The s t a b i l i t y  and convergence of t h i s  scheme c e n t e r s  on a cond i t ion  

s i m i l a r  to (2.10) which w a s  formulated i n  [5] .  In  p a r t i c u l a r ,  t h e r e  must 

be a n  a b s o l u t e  number 0 < B < 03 f o r  which 

( 4 . 8 )  

-1 
Here ( 0 ,  *)-1, 11 ) I  -1 denote t h e  i n n e r  product and norm on H (Q) , and 

t h e  sup i s  taken over a l l  v i n  Vh wi th  
j. h 

- 

(4 .9 )  

We now show t h a t  t h e  analog of Theorem 1 i s  v a l i d .  

Theorem 3.  L e t  ;the a~5bwnp~%.?nh h Theohm 7 ho ld .  Then ( 4 . 8 )  h v&. 

The fol lowing i s  a s p e c i a l  case of Theorem 2 and i t s  Coro l l a ry .  

Lemma. Let f f Ho(R>. Then Ithe/re ,LA a 1 E H1(il) such fiat 

d i v v  = f i n  R. ( 4 . 8 )  - 

604 -1 < 6 < 1. - -  

To prove (4 .8 )  w e  le t  
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Then 

( 4 . 9 )  

-+ 
We now s e l e c t  a v+ E V such t h a t  h 

Using t h e  inve r se  i n e q u a l i t y  

We o b t a i n  

(4 .10 )  llx-xh 110 = < C(h/H)EllqH 1 1  -1 

Thus ( a s  i n  s e c t i o n  3) ve o b t a i n  

(4 .11)  (divv -h 9 q H -1 - ' (C1-C2(h /H)E)  11 q H I I - 1  1 1  9 

f o r  abso lu t e  p o s i t i v e  c o n s t a n t s  C1 and C 2 .  
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